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Abstract—A formulation based on the three dimensional theory of elasticity is employed to study
the buckling of an orthotropic cylindrical shell under external pressure. In this paper, a non-zero
axial displacement and a full dependence of the buckling modes on the three coordinates is assumed,
as opposed to the ring approximation employed in the earlier studies. The results from this elasticity
solution are compared with the critical loads predicted by the orthotropic Donnell and Timoshenko
non-shallow shell formulations. Two cases of end conditions are considered ; one with both ends of
the shell fixed, and the other with both ends capped and under the action of the external pressure.
Moreover, two cases of orthotropic material are considered with stiffness constants typical of
glass/epoxy and graphite/epoxy. For the isotropic material case, the predictions of the simplified
(single expression) Donnell and the Fliigge and the Danielson and Simmonds theories are also
compared. In all cases, the elasticity approach predicts a lower critical load than the shell theories,
the percentage reduction being larger with increasing thickness. The degree of non-conservatism
depends strongly on the material properties, being smaller for the isotropic case. Furthermore,
although it is a commonly accepted notion that the critical point in loading under external pressure
occurs for n =2 and m = 1 (number of circumferential waves and number of axial half-waves,
respectively), it was found that this is not the case for the strongly orthotropic graphite/epoxy
material and the moderately thick construction ; for this case, the value of m at the critical point is
greater than 1 (yet, in all cases n = 2).

1. INTRODUCTION

Shell structural configurations of moderate thickness can be potentially used in the marine
industry for submersible hulls as well as for components in the automobile and aircraft
industries. Moreover, composites in the form of circular cylindrical shells are considered
for civil engineering, column-type applications and in space vehicles as a primary load
carrying structure.

In all these applications, an important design parameter is the buckling strength. This
is particularly significant in applications involving advanced composites because of the
large strength-to-weight ratio and the lack of extensive plastic yielding in these materials.

In shells under external pressure, simple, direct expressions for the critical value are
available in the literature only for isotropic material (Donnell, 1933 ; Fliigge, 1960 ; Daniel-
son and Simmonds, 1969). Besides these simple expressions, which are derived by imposing
certain shallowness limitations, values of the critical pressure can be found by solving the
eigenvalue problem for the set of cylindrical shell equations from the Donnell theory that
are not subject to the shallowness limitations of the simple expressions (Brush and Almroth,
1975). Furthermore, in presenting a shell theory formulation for isotropic shells, Timo-
shenko and Gere (1961) included some additional terms (these equations are briefly
described in the Appendix). Both the (non-simplified) Donnell and Timoshenko shell theory
equations can be easily extended for the case of orthotropic material. Although several
other shell theories based on the classical hypotheses have been formulated, the Donnell,
Timoshenko, Fliigge and Danielson and Simmonds theories constitute the representative
set of classical shell theories that will be used in this paper for comparing with the results
from the benchmark elasticity solution.
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Furthermore, although the classical shell theories have been most widely used in
deriving critical loads (e.g. Simitses et al., 1985), the recent, higher order, shear deformation
theories (e.g. Whitney and Sun, 1974; Librescu, 1975 ; Reddy and Liu, 1985) could poten-
tially produce much more accurate results. Therefore, a benchmark elasticity solution is
needed in order to enable a future comparison of the accuracy of the predictions from the
improved shell theories. The anisotropy and the large extensional-to-shear modulus ratio
of advanced composites underscores further the need for accurate predictions.

Elasticity solutions for the buckling of cylindrical shells have been recently presented
by Kardomateas (1993a) for the case of uniform external pressure and orthotropic material ;
a simplified problem definition was used in this study (“‘ring” assumption), in that the pre-
buckling stress and displacement field was axisymmetric, and the buckling modes were
assumed two dimenstonal, i.e. no z component of the displacement field and no z-dependence
of the r and 0 displacement components. It was shown that the critical load for external
pressure loading, as predicted by shell theory, can be highly non-conservative for moderately
thick construction.

A more thorough investigation of the thickness effects was conducted by Kardomateas
(1993b) for the case of a transversely isotropic thick cylindrical shell under axial
compression. This work also included a comprehensive study of the performance of the
Donnell (1933), the Fligge (1960) and the Danielson and Simmonds (1969) theories for
isotropic material in the case of axial compression. These theories were all found to be non-
conservative in predicting bifurcation points, the Donnell theory being the most non-
conservative.

In a further study, Kardomateas (1993c) considered a generally cylindrically ortho-
tropic material under axial compression. In addition to considering general orthotropy for
the material constitutive behavior, the latter work investigated the performance of another
classical formulation, i.e. the Timoshenko and Gere (1961) shell theory. The bifurcation
points from the Timoshenko formulation were found to be closer to the elasticity predictions
than the ones from the Donnell formulation. More importantly, the Timoshenko bifurcation
point for the case of pure axial compression was always lower than the elasticity one, i.e.
the Timoshenko formulation was conservative. This case of pure axial load from the
Timoshenko formulation was actually the only case to date of a classical shell theory
rendering conservative estimates of the critical load (the case of combined lateral pressure
and axial load has not yet been studied). However, as will be seen in this paper, the same
formulation for the case of a shell under external pressure would render non-conservative
estimates.

In this paper, a benchmark solution for the buckling of an orthotropic cylindrical shell
under external pressure is produced. The non-linear three dimensional theory of elasticity
is appropriately formulated and reduced to a standard eigenvalue problem for ordinary
linear differential equations in terms of a single variable (the radial distance r), with the
applied external pressure, p, the parameter. A full dependence on r, @ and z of the buckling
modes is assumed. The formulation employs the exact elasticity solution by Lekhnitskii
(1963) for the pre-buckling state. Two cases of end conditions are considered ; one with
both ends of the shell fixed, which leads to a much easier derivation of the pre-buckling
stress field, and the other with both ends capped and under the action of the external
pressure.

Results will be presented for the critical load and the buckling modes; these will
be compared with both the orthotropic ““non-shallow” Donnell and Timoshenko shell
formulations. For the isotropic case, a comparison with the simplified Donnell (1933), the
Fliigge (1960) and the Danielson and Simmonds (1969) formulas will also be performed.
The orthotropic material examples are for stiffness constants typical of glass/epoxy and
graphite/epoxy and the reinforcing direction along the periphery.

2. FORMULATION

Let us consider the equations of equilibrium in terms of the second Piola—Kirchhoff
stress tensor X in the form
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div(Z-FH) =90, {la)

where F is the deformation gradient defined by
F=I+grad?, (1b)

where ¥ is the displacement vector and I is the identity tensor. Notice that the second Piola-
Kirchhoff stress tensor is symmetric whenever the Cauchy stress tensor is, and therefore it
has been preferred in finite-strain elasticity formulations, Furthermore, because it is sym-
metric, it can be used on constitutive equations with a symmetric strain tensor.

The strain tensor is defined by

E=}F-F-I). (1c)

More specifically, in terms of the linear strains:

el O a)
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and the linear rotations:
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the deformation gradient F is
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At the critical load there are two possible infinitely close positions of equilibrium. The
r, 8 and z components of the displacement corresponding to the primary position are
denoted by ug, v, we. A perturbed position is denoted by

U= yo+au;; v=bo+or,; W= wy+aw,, {4

where o is an infinitesimally small quantity. Here, au,(r, 8, 2), av,(r, 6, z), aw,{r, 6, z) are the
displacements to which the points of the body must be subjected to shift them from the
initial position of equilibrium to the new equilibrium position. The functions u,{r, 8, 2),
v,{r, 8, z), wi(r, 0, z) are assumed finite and « is an infinitesimally small quantity independent
ofr, 0,z

Following Kardomateas (1993a), we obtain the following buckling equations:

190
# ] 8. .7 & [
r {07, — Tpw, + 1,05 + T (trs— Gage0’+ Tg05)
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+ 5 (- 16,0, + 65,wp) + (ol — ot Thwp+ 16,0 2tpw}) = 0, (5a)
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In the previous equations, ¢ and w; are the values of o,,and ; at the initial equilibrium
position, i.e. for u = uy, v = vy and w = w,, and o7, and wj are the values at the perturbed
position, i.e. foru=u,, v =v,and w = w,.

The boundary conditions associated with 1(a) can be expressed as:

(F-EN N =¥¥V), (6)

where 7 is the traction vector on the surface which has outward unit normal N = (f, i)
before any deformation. The traction vector 7 depends on the displacement field
V = (u,v,w). Again, following Kardomateas (1993a), we obtain for the lateral and end
surfaces :

(0, — T+ L0+ (T — 0+ )i+ (1. — 1.0, + L) = pwih—wih),  (Ta)
(Tl + 05w — 1)+ (04 + T, — )+ (T + T, — 0 L)) = —p(wf—wh),  (Tb)
(€1 + 1150, — TR0+ (th: + 05w, — Th@) M+ (0% + TR0, — Thaph = plosl—aim). (7o)

2.1. Pre-buckling state

The problem under consideration is that of an orthotropic cylindrical shell subjected
to a uniform external pressure, p. Two cases will be considered ; one where both ends of
the shell are fixed (this simplifies the derivation of the pre-buckling stress field), and the
other where the ends are capped and under the action of the external pressure, p (this would
more closely resemble the state of loading in a submersible). The stress—strain relations for
the orthotropic body are

G,y Ciy G2 COna 0 0 0 Err
Oyg €12 €22 €33 O 0 0 Eg9
Gu| _ €3 0 0 0 £, ’ (8a)
Ty 0 ¢ O 0 Yeo-
T,; 0 0 0 0 ¢5 O Vs
| .o | L0 0 0 0 0 cg6) LVeol

where ¢; (i, j = 1, 2, 3) are the stiffness constants (we have used the notation 1 =r, 2 = 6,
3I=1:).
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Fig. 1. Cylindrical shell under external pressure.

Let r, be the internal and r, the external radius (Fig. 1) and ¢ = r,/r,. In terms of

k=2 (8b)
(S

the stress field for the simpler case of a cylinder with both ends fixed is given directly from
Lekhnitskii (1963) as follows :

O'S_ = p(C,rk_)-i-Cgr/"k" l), (93.)
g = p(Ckr* ="' — Cokr - D, (9b)
0_32 _ -p(C1a13+ka23 rk_l+C2a13“ka23r_k_1)’ (90)
a3 a3,
Ty =1, =14 =0, (9d)
where
i 2k kot |
C, = C,=S 2 (%)

C=AET T A=y

In the previous equations a;; are the compliance constants, i.e.
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[ e, ] fay, ay;, ag 0 0 07 [o,]
Loy ayp; dyy Ay 0 0 0 oo
&y a;y  dyy ds; 0 0 0 0.
(10)
Yoz = 0 0 dyy 0 0 T
‘yrz 0 O 0 a55 O Trz
LYo | L 0 0 0 0 0 Qg | RIS

For the case of a shell with end caps under the action of the external pressure,
the stresses that satisfy the equilibrium equations in the pre-buckling state, arise from a
displacement field accompanied by deformation (assume ¢, # ¢,,):

Cr3—Cy3

uy(r) = Clo"k+czo"ﬂk+ Dor; vo=10; wy(z) = Dyz. (11a)

Ci1—Cy2

Satisfying the inside boundary traction-free condition, af’,{,l = (, allows eliminating D, and
gives the radial stress in the form

oy = Crolenk+e ) =)+ Cro( —crik+e (e 1 —r ), (11b)
the hoop stress in the form

oos = Crol(cisk+co)r* ' —(crik+c ) A7
+ Cool(—crok+eyr ™ ' —(—crk+c)friy '], (11c)

and the axial stress in the form

ol = Cyol(crsk+c)r* ' —(crik+ci)gri™')
+Caol(—cisk+er)r ™ ' —(—cpk+eidgri* ' (11d)

In the previous relations, fand g are in terms of the stiffness constants:

_ (ci2tca)(cay—ci3)+caslcii —¢2) 9= chy—cisteasler, —e)
(co+ei)eas—ep)+enslen —¢cz)’ (cri+e)(ers—cps)+eslen —c22)

(11e)

The constants C,, and C,, are linearly dependent on the external pressure and are found
from the condition of external pressure

GPrIrz = —p, (123)

and the axial force developed due to the pressure on the end caps

Jzafzrdr --t1 (12b)
as follows:
ﬂll‘ﬂzz BZl—ﬁll
Cromptizbn . ¢ _, Pu=bu (120)
0P BB T P BB B

where
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2
2(—cisk+cys) (ra*tt = H! a3l
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Hence, it turns out that in both cases the pre-buckling shear stresses are zero and the
pre-buckling normal stresses are linearly dependent on the external pressure, p, in the form

0'3' = p(C[j,0+ C,-j,lrk_l+C,<j,2r"k4 1), (13)

where C;; o, C;;\, Cy;», are constants dependent on the material properties, the geometric
dimensions and the circumferential and axial wave numbers # and A. This observation
allows a direct implementation of a standard solution scheme, since, as will be seen, the
derivatives of the stresses with respect to p will be needed and these are directly found from
eqn (13).

2.2. Perturbed state

Using the constitutive relations [eqn (8a)] for the stresses o7; in terms of strains ej;, the
strain—displacement relations [eqn (2)] for the strains e}; and the rotations wj in terms of
the displacements ), v, w,, and taking into account [eqn (9d)], the buckling eqn (5a) for
the problem at hand is written in terms of the displacements at the perturbed state as
follows :

0 0
U, U Gop \ U100 2P

cul Uyt —Cy gt et 5 =5 +\Css+ = Ui
r r 2/ r 2

0 0
Goo \VUrre Ggo \ V19
+lciatcee— = ) —— —| ot e+ < ) =
2/ r 867 2 )2

0

o, w
+lcistess— 5 Wi+ (ci3—c23)

=0. (l4a)

1,z
r

2
The second buckling eqn (5b) gives:

0 0 0
Gy Vi, Uy Oy — 069 \[ V1, , U1 U160
Cest+ T NV pt+t———3 )+ — 4+ =+
( 2 Tt 2 r o r? 22,2

oz A Top \ 410
+ C44+7 U1,z F Css+6'12‘7 p + 566+022+7 "l

o2 \wie 1dod v, u
+(023+c44—7> ;"’ +57<u,,,+7‘-»;ﬁ =0. (14b)

In a similar fashion, the third buckling eqn (5¢) gives:

0 0
o, Wi, Ogg \ Wi,00
<C55+7)(W1,n+ > >+<C44+ 7)—r2 +c33w
o, o\,
+lcntCss— 5 Uit CastCss— | —
2 2)r

039 U1.6; ldag
+ C23+C44_7 r +§? wy,—u ;) =0. (l4c)
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In the perturbed position, we seek equilibrium modes in the form:

u(r,0,z) = U(rycosnfsiniz; v,(r,8,z) = V(r)sinnOsin Az;
wi(r,8,z) = W(r)cosnflcos iz, (15)
where the functions U(r), V(r), W(r) are uniquely determined for a particular choice of »
and 4.

Substituting in eqn (14a), we obtain the following linear homogeneous ordinary differ-
ential equation forr, < r < r,:

_+_ 2 /12 2
U(r)”c”+U(r)’CT"' +U(r)|i_555/12— CLr‘f‘ﬁjn* _0-327 —Ggoin;i:|

Jciatege)n  , n —(catcee)n o, n
+V(r) I:——ri_aeab + V() T %y

A —C13)A
+ W(r)’[-(cn+c55)/1+a?zz}+ W(r)w =0. (16a)
The second differential eqn (14b) gives forr) < r < r;:
v (oot 2 )4 vier| <o 4 o0 T0) 1 0 |y e St ea’
66 2 r r rr 2 2 Caa r2
YRR} (c +c )n n
—ed s % 12T C66 o
ot o+ ]+U()[ +ob o
(c22+coe)n n o N4
+U(r )[ — S s oy 2— + W) (cz3+c44) 0uy |=0. (16b)

In a similar fashion, eqn (14c) gives for r; < r < r,:

n? n?
:|+ W(r)l:—cszl1 —Caa g —O'goﬁ]

" O'ror ,| €ss G'Pr
W(r) <C55+ 7)"’ W(r) |:T+’2—r+

(6'23'*"755)/‘L o 4 0 A
]
rr2r rr 2

+U(r) |:(c13+c55)l 0'"‘ + U(r)

+ V(r)|:(C23+044) 0'39 ;iil =0. (16¢)

All the previous three eqns (16a-c) are linear, homogeneous, ordinary differential
equations of the second order for U(r), ¥(r) and W(r). In these equations, a5(r), age(r),
a(r) and ¢’ (r) depend linearly on the external pressure p through expressions in the form
of eqn (13).

Now we proceed to the boundary conditions on the lateral surfaces r =r;, j =1, 2.
These will complete the formulation of the eigenvalue problem for the critical load.

From eqn (7), we obtain for /= +1,m=4A=0:

0,=0; tt+(es+p)w,=0; t.—(63+p)ws=0, atr=ry,r, (17

where p; = p for j = 2, i.e. r = r, (outside boundary) and p; = 0 for j = 1,i.e. r = r, (inside
boundary).
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Substituting in eqns (8a), (2), (15) and (9d), the boundary conditiono,, =0atr=r,
j=1,2gives:

c .
U'(r)en+{UG) +rV)] =2 —epsdW(r) =0, j=1,2. (18a)
7

The boundary condition 1,5+ (ap+p)w; =0atr=r;, j = 1, 2 gives

1
V’(rj)[c“+(o’,°, +p;) 1] -{-[V(rj)+nU(rj)]|:—c(,g,-f-(a',or +p;) 5} l =0, j=12.

2 r
(i8b)
In a similar fashion, the condition 7/, — (65 +p)ws=0atr=r;,j=1, 2 gives:
AU(r)less— (o +p)il+ W’(rj)[css'*'(o'g”*“l’j)ﬂ =0, j=12 (18¢)

Equations (16) and (18) constitute an eigenvalue problem for differential equations,
with the applied external pressure, p, the parameter, which can be solved by standard
numerical methods (two point boundary value problem).

Before discussing the numerical procedure used for solving this eigenvalue problem,
one final point will be addressed. To completely satisfy all the elasticity requirements, we
should discuss the boundary conditions at the ends. From eqn (7), the boundary conditions
ontheends[=m=0,4= +1, are:

T+ (0L +p)ws =0; 15,— (0 +p)w,=0; o0,=0, atz=0,7,. (19)

These conditions are strictly valid for capped ends ; for fixed ends, p = 0 on the end faces.
However the discussion that follows remains the same in ¢ither case.

Since o7, varies as sin Az, the condition ¢, = 0 on both the lower end z = 0, and the
upper end z = ¢, is satisfied if

A="" (20)

It will be proved now that these remaining two conditions are satisfied on average.
To show this we write each of the first two expressions in eqn (19) in the form:
S,. = 1,.+ (0}, + p)w; and Sy, = 15, — (62, +p)w,, and integrate their resultants in the Car-
tesian coordinate system (x, y, z) e.g. the x-resultant of S,, is:

T, 2n
J f S,; (cos O)(rdB) dr.
ry 0

Since 1;, and wj have the form of F(r) cosnfcos Az, i.e. they have a cosn8 variation,
the x-component of S,, has a cos nf cos 8 variation, which, when integrated over the entire
angle range from zero to 2=, will result in zero. The y-component has a cos #6 sin 8 variation,
which again, when integrated over the entire angle range, will result in zero. Similar
arguments hold for S,,, which has the form of F{(r)sinnfcos Az.

Moreover, it can also be proved that for the system of resultant stresses eqn (19) would
produce no torsional moment. Indeed, this moment would be given by

r, (27
J f Se(rdGrdr.
r, 0

Since 75, and w; and hence S, have a sin nf variation, the previous integral will be in the
form
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T, 2n
J J- r2F(r) sinnf cos Az drd#,
r 0

which, when integrated over the entire §-range from zero to 2z, will result in zero.

Returning to the discussion of the eigenvalue problem, as has already been stated, eqns
(16) and (18) constitute an eigenvalue problem for ordinary second order linear differential
equations in the r variable, with the applied external pressure, p, the parameter. This is
essentially a standard two point boundary value problem. The relaxation method was used
(Press et al., 1989) which is essentially based on replacing the system of ordinary differential
equations by a set of finite difference equations on a grid of points that spans the entire
thickness of the shell. For this purpose, an equally spaced mesh of 241 points was employed
and the procedure turned out to be highly efficient with rapid convergence. As an initial
guess for the iteration process, the shell theory solution was used. An investigation of the
convergence showed that the solution converged monotonically and that with even three
times as many mesh points, the results differed by less than 0.005 per cent. The procedure
employs the derivatives of the equations with respect to the functions U, V, W, U’, V', W’
and the pressure p; hence, because of the linear nature of the equations and the linear
dependence of ¢ on p through eqn (13), it can be directly implemented. Finally, it should
be noted that finding the critical load involves a minimization step in the sense that the
eigenvalue is obtained for different combinations of #,m and the critical load is the
minimum. The values of n = 2, m = 1 were found to give the minimum eigenvalue in most
but not all the cases studied. The specific results are presented in the following.

3. DISCUSSION OF RESULTS

Results for the critical pressure, normalized in terms of the shell thickness, 4, as

. pr3
P=gn>

1)

were produced for a typical glass/epoxy material with moduli in GN/m? and Poisson’s
ratios listed below, where 1 is the radial (r), 2 is the circumferential (#), and 3 the axial (z)
direction: E, = 14.0, E, = 570, E; = 14.0, G|, = 5.7, G;, = 5.7, G3, = 5.0, v, = 0.068,
Va3 = 0.277, v3; = 0.400. It has been assumed that the reinforcing direction is along the
periphery.

In the shell theory solutions, the radial displacement is constant through the thickness
and the axial and circumferential ones have a linear variation, i.e. they are in the form

—R . .
u,(r,0,z) = UycosnBsiniz, v,(r,0,z) = [V0+rT(V0+nUO)] sinnfsinAz, (22a)

wi(r,8,2) = [Wy—(r— R)AU ] cosnficos Az, (22b)

where R = (r,+r,)/2 is the mean shell radius and U,, V,, W, are constants (these dis-
placement field variations would satisfy the classical assumptions of e,, = ¢,y = ¢,, = 0).

A distinct eigenvalue corresponds to each pair of the positive integers m and n. The
pair corresponding to the smallest eigenvalue can be determined by trial. As noted in the
Introduction, one of the classical theories that will be used for comparison purposes is the
“non-shallow” Donnell shell theory formulation. The other benchmark shell theory used
in this paper is the one described in Timoshenko and Gere (1961). In this theory, an
additional term in the first equation, namely, — N§ (v 4.+ ), and an additional term in the
second equation, namely, RN v .., exist (these equations together with the extra terms are
explicitly given in the Appendix).



Buckling of thick orthotropic cylindrical shells 2205
Table . Comparison with shell theories for glass/epoxy

Donnell shell* Timoshenko shell*

rary Elasticity {% increase) {% increase)
1.05 0.2813 0.2926 (4.0%) 0.2914 (3.6%)
Lo 0.2744 0.2973 (8.3%) 0.2962 (7.9%)
1.15 0.2758 0.3133 (13.6%) 0.3122 (13.2%)
1.20 0.2764 0.3308 (19.7%) 0.3296 (19.2%)
1.25 0.2755 0.3485 (26.5%) 0.3473 (26.1%)
1.30 0.2733 0.3662 (34.0%) 0.3649 (33.5%)

* See Appendix.

Orthotropic with circumferential reinforcement, £/r, = 10; Critical
pressure, 7 = prif(E;A%); Moduli in GN/m*: E, =57, E,=E, =14,
Gy, =50, G, = G,,=15.7; Poisson’s ratios: v, = 0.068, v,; = 0.277,
vy, = 0.400; Capped ends,n =2, m = L.

In the comparison studies we have used an extension of the original, isotropic Donnell
and Timoshenko formulations for the case of orthotropy. The linear algebraic equations
for the eigenvalues of both the Donnell and Timoshenko theories are given in more detail
in the Appendix.

Concerning the present elasticity formulation, the critical load is obtained by finding
the solution p for a range of n and m and keeping the minimum value. Tables 1 and 2 show
the critical pressure, as predicted by the present three dimensional elasticity formulation
and the one, as predicted by both the “non-shallow” Donnell and Timoshenko shell
equations for the glass/epoxy and graphite/epoxy material, respectively (case of capped
ends under pressure). A length ratio £/r, = 10 has been assumed. A range of outside versus
inside radius, r,/r, from somewhat thin (1.05) to thick (1.30) is examined. The following
observations can be made:

(1) For both the orthotropic material cases, both the Donnell and the Timoshenko
bifurcation points are always higher than the elasticity solution, which means that both
shell theories are non-conservative. Moreover, they become more non-conservative with
thicker construction. Notice that the result for the Timoshenko theory in this case of a shell
under external pressure is opposite to the one for a shell under pure axial load, in which
case the Timoshenko shell theory was found to be conservative (Kardomateas, 1993c).

(2) Although it is a commonly accepted notion that the critical point in loading under
external pressure occurs for n = 2 and m = 1, it was found that this is not the case for the
strongly orthotropic graphite/epoxy material and the moderately thick construction (Table
2); for this case, the value of m at the critical point is greater than 1. However, in all cases
ne=2,

(3) The bifurcation points from the Timoshenko formulation are always slightly closer
to the elasticity predictions than the ones from the Donnell formulation.

(4) The degree of non-conservatism is strongly dependent on the material ; the shell
theories predict much higher deviations from the elasticity solution for the graphite/epoxy
(which is also noted to have a much higher extensional-to-shear modulus ratio).

Table 2. Comparison with shell theories for graphite/epoxy

Elasticity Donnell shell* Timoshenko shell*
ryfr, (n, m) (n, m) (% increase) (n, m) (% increase)
1.05 0.2576 (2, D) 027232, 1) (5.7%) 02713 (2, 1) (3.3%)

L1I0 02513(2, 1) 02871 (2 1) (14.2%) 0.2861 (2, 1) (13.8%)
115 02347(2,2) 03037 (2, 2) (29.4%) 0.2995 (2, 2) (27.6%)
120 02066(2,3) 03183 (2, 2) (47.0%) 0.3111 (2, 3) (43.6%)
125 0.1978(2,3) 03310 (2, 3) (67.3%) 0.3198 (2, 4) (61.7%)
130 0.1808(2,4)  0.3429 (2, 4) (89.7%) 0.3261 (2, 5) (80.4%)

* See Appendix.

Orthotropic with circumferential reinforcement, ¢/r, = 10; Critical pressure,
B=pri/(ER%); Moduli in GN/m?: E,= 140, E, =99, E, =91, G, =59,
Glé = 4.7, Gy; = 4.3; Poisson’s ratios : v,; = 0.020, v,; = 0.300, v;, = 0.490; Capped
ends.
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Table 3 gives the predictions of the Donnell and Timoshenko shell theories for the
glass/epoxy material, in comparison with the elasticity one for the case of fixed ends. A
comparison with Table 1 reveals that the end conditions (fixed ends versus capped under
pressure ends) have little influence on the critical load. However, two observations can be
easily made; the bifurcation load for the capped ends is always slightly smaller than the
one for the fixed ends, and the Timoshenko bifurcation point is almost identical to the one
for the Donnell point for fixed ends, unlike for capped ends, Hence, it can be concluded
that the additional term in the second shell theory equation, namely, RNt ., (which would
be zero for fixed ends) is primarily responsible for the differences in the two shell theories
and also for the conservatism of the Timoshenko shell theory when pure axial loading is
considered. Notice that the study in Kardomateas (1993b) did not include a comparison
with the Timoshenko’s shell theory.

Particularly simple formulas can be obtained for isotropic materials. Set

mnR
£

m=

(23)

With some additional shallowness assumptions, a direct formula can be obtained from the
Donnell shell theory, in terms of the Young’s modulus, £, and the Poisson’s ratio, v, as
follows

2 ~ 2 232 ~ &
Eh[ h (W +n?) i 2)2} 24a)

Ps-pooct = R I DREA—vY)  n® | mii+n

For isotropic materials two other shell theories, namely the Fligge (1960) and the Danielson
and Simmonds (1969), have produced direct results for the critical external pressure in
shells and should, therefore, be compared with the present elasticity solution. The expression
for the eigenvalues derived from the Fliigge equations (Fligge, 1960), pr, and the more
simplified, but just as accurate, one by Danielson and Simmonds (1969), pg, are:

- _En Qrps
Pieos =R w7+ n?)*— G+ )]’

(24b)
where the numerator for the Fliigge theory is

h2
0= BRA=Y {(W*+n?)*—2[vm* 4+ 3m’n’
+ (@ —mint 01+ 2Q - v)mn’ +n*} + 1w, (24¢)

and for the Danielson and Simmonds equations

Table 3. Comparison with shell theories for glass/epoxy-fixed ends

Donnell shell* Timoshenko shell*
ryfr, Elasticity (% increase) (% increase)
1.05 0.2860 0.2972 (3.9%) 0.2972 (3.9%)
1.10 0.2789 0.3017 (8.2%) 0.3017 (8.2%)
1.15 0.2803 0.3178 (13.4%) 0.3178 (13.4%)
1.20 0.2808 0.3354 (19.4%) 0.3353 (19.4%)
1.25 0.2798 0.3532 (26.2%) 0.3531 (26.2%)
1.30 0.2776 0.3709 (33.6%) 0.3708 (33.6%)

* See Appendix.

Orthotropic with circumferential reinforcement, /fr, = 10; Critical
pressure, p = pri/(E,h%); Moduli in GN/m®: E, =57, E\ = E; = 14,
Gy, = 5.0, Gy, = G,y = 5.7; Poisson’s ratios: v, = 0.068, v,, =0.277;
vy, = 0.400; Fixedends, n =2, m= 1.
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Table 4. Comparison with shell theories for isotropic material

Simplified Danielson
rayfry Elasticity Donnell*  Timoshenko*  Donnell} Fligget & Simmondst
1.05 0.375% 0.3907 0.3906 0.4721 0.3936 0.3965
(3.9%) (3.9%) (25.6%) 4.7%) (5.5%)

1.10 0.3303 0.3523 0.3523 0.4556 0.3547 0.3580
(6.7%) (6.7%) (37.9%) (7.4%) (8.4%)

1.15 0.3304 0.3617 0.3616 0.4750 0.3644 0.3678
(9.5%) 9.4%) (43.8%) (10.3%) (11.3%)

1.20 0.3365 0.3779 0.3779 0.4995 0.3811 0.3846
(12.3%) (12.3%) (48.4%)  {13.2%) (14.3%)

1.25 0.3436 0.3959 0.3959 0.5254 0.3998 0.4033
{15.2%) (15.2%) (52.9%) (16.4%) (17.4%)

1.30 0.3508 0.4145 0.4144 0.5517 0.4191 0.4227
(18.2%) (18.1%) (57.3%)  (19.5%) (20.5%)

* See Appendix.
+ Equations 24(a—d).

Isotropic, E = 14 GN/m2, v = 0.3, ¢/r, = 10; Critical pressure, § = pr3/(Eh’); Fixed ends, n = 2,

m=1.

2

Ops = 12RY(1—v?)

(2 +n?) 2+ 02— 1) + 1,
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(24d)

Again, a distinct eigenvalue corresponds to each pair of the positive integers m and n, the
critical load being for the pair that renders the lowest eigenvalue.

Table 4 gives the predictions of the different isotropic shell theories for #/r, = 10, in
comparison with the elasticity one. It is clearly seen that all shell theories predict higher
critical values than the elasticity solution, the percentage increase being larger with thicker
shells. However, both the direct Fliigge and Danielson and Simmonds expressions predict
critical loads much closer to the elasticity value than the direct Donnell expression. These
were also very close to the ones predicted by the more involved, non-shallow Donnell and

{(a)

u(r)

1.015
Elasticity-GR/Ep
1.010 1 /
1.005 4 /
Elasticity-GUEp
1.000 /
Shell
0.995 - T T T
0.80 0.85 0.90 0.95 1.00
rir2

Fig. 2. (a) Eigenfunction U(r) versus normalized radial distance r/r,, for the two orthotropic cases
[shell theory would have a constant value throughout, U(r) = 1 for all cases]. (b) Eigenfunction
V(r) versus normalized radial distance r/r, from the elasticity solution and the Donnell shell theory,
which would show linear variation. The results are for the graphite/epoxy orthotropic case. (c)
Eigenfunction W{(r} versus normalized radial distance r/r,, from the elasticity solution and the
Donnell shell theory (the latter has a linear variation). The results are for the graphite/epoxy

SAS 31:6-E

orthotropic case.
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{b) -0.35

GR/Ep

-0.45 1
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-0.65 T T
0.80 0.85 0.80 0.85 1.00

r/ir2

(c) -0.04
Shell
-0.05 1

-0.06 1

-0.07 4
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/

-0.08
4 Elasticity

-0.09 4

-0.10 1
GR/Ep

-0.11 ~ . . . . . .
0.80 0.85 0.90 0.95 1.00

r/ir2
Fig. 2-—(continued).

Timoshenko theories. A comparison of the data from all four Tables shows that for isotropic
materials the degree of non-conservatism of the shell theories is much lower.

It should also be mentioned that the elasticity results of Tables 1 and 3 for the
glass/epoxy material that were produced through the present formulation, which was based
on assuming general, non-planar equilibrium modes, are very close to the results from the
earlier simplified formulation of Kardomateas (1993a), which was based on plane equi-
librium modes, i.e. a ring assumption.

Finally, to obtain more insight into the displacement field, Figs 2(a,b,c) show the
variation of U(r), V(r), and W(r), which define the eigenfunctions, for r,/r, = 1.20,
Z/r, = 10, as derived from the present elasticity solution, and in comparison with the
Donnell shell theory assumptions of constant U(r), and linear V{r) and W(r). These values
have been normalized by assigning a unit value for U at the outside boundary r = r,.

These plots illustrate graphically the deviation of U from constant, and the deviation
of ¥ and W from linearity. Although the Donnell shell theory eigenfunction has been
plotted for V(r) and W(r), the Timoshenko theory lines would nearly coincide with the
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latter. Notice that the distribution of U(r) for the graphite/epoxy case shows the biggest
deviation from the constant U value, shell theory assumption ; the bifurcation load for this
case shows also the biggest deviation from the shell theory predictions. In general, Figs 2(a)
and (b) are similar to Figs 3 and 4 in Kardomateas (1993a) which were based on a ring
approximation and glass/epoxy material. However, Fig. 2(a) of the present paper illustrates
in addition the difference between the strongly orthotropic graphite/epoxy and the mod-
erately orthotropic glass/epoxy. Furthermore Fig. 2(c) shows that both shell and elasticity
give essentially a linear variation for W(r).
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APPENDIX: EIGENVALUES FROM NON-SHALLOW DONNELL AND TIMOSHENKO
SHELL THEORIES

In the shell theory formulation, the mid-thickness (r = R) displacements are in the form :
u, = UgcosnBsindz, v, = Vysinnfisindz, w, = Wycosnfcosiz,

where U, ¥y, W, are constants.
The equations for the non-shallow (or non-simplified) Donnell shell theory are (Brush and Almroth, 1975):

RN, .+ Ny, =0,
M
RN+ Noo+ % +My. =0,

M
No— RNt~ RM. ..~ =2 —2Mq.0+ N3 Boo+p(vg+u) = 0

where Rf; = v—u, The Timoshenko shell theory (Timoshenko and Gere, 1961) has the additional term
— N3(v 4.+ ) in the first equation, and the additional term RN% _, in the second equation. We have denoted by
R the mean shell radius and by p the absolute value of the external pressure. Notice that for loading under external
pressure p, N3 = 0 and Nj = —pR and if the pressure from the end caps is included, N? = —pR/2. For the case
of a shell with fixed ends, N! = 0.

In terms of the “equivalent property” constants
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Coy = Exh/(1—vy3v35), Cay = Eh/(1—vy3vs,),

Esvy:h h?

C:z = 5 C44 = Gzah, Dz, = C”ii’

1 —vyvy,
the coefficient terms in the homogeneous equations system that gives the eigenvalues are :

ay = Cridi gy = (Cp3+Cudni; a11=*(C33R)*2+C44"2/R)»

+2

Ci Dzzn2 D23/12 D44/.»2
Oy = —
21 R R R R 1,

C,n® Dyn?  DA?
122=~< 2; +C R+ 1';] +2 “1‘; > 55 = (Cozt+ Cydni,

C D,,n*  _D,in? D A0t
a;,:% 12;3 +2 ‘3R +D33,14R+4—““1';"—.

Cy | Dyn® | D3kt Dy A
-<-?+ e + R +4 R ™ a3y = — Cpid.

Notice that in the above formulas we have used the curvature expression k., = 2(v . —u_5)/R for both theories.
Then the linear homogeneous equations system that gives the eigenvalues for the Timoshenko shell for-
mulation for the case of end caps is:

(@11 +pRYU+ (2 +pRaD)V g +a 3 Wy = 0, (A1)
R2)?
a21U0+<azz+pT>Vo+°‘23W0=0~ (A2)
R} 5
=P, —pr*=1) [Up+ay,Votay,; Wy =0. (A3)

For the Donnell shell formulation, the additional term in the coefficient of V in eqn (A2) is omitted, i.c. the
coeflicient of V, is only «,, and the additional terms in the coefficients of U, and ¥V in eqn (Al) are also omitted,
i.€. the coefficient of U, is only a,, and the coefficient of ¥, is only «,,. For the simpler case of a cylindrical shell
with fixed ends, the terms pR?4%/2 are omitted in the second and third equations. The eigenvalues are naturally
found by equating to zero the determinant of the coefficients of U,, ¥, and W,



